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1. Bit, Qubit and Super-Qubit
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Bit, Qubit and Super-Qubit

Binary-base 2 representation of numbers -
Gy A1y --., A1, g = 0, 1 - bits

n-Bit numbers
UGy 10100 = 2" + a, 12" 1+ . .a12 + ag
n-Qubit quantum states
lan) an_1)...|a1)|ao) = |an2™ + ap_12""" 4+ ...a12 + agp)
n-Super-Qubit quantum states

|an>ss‘an—1>ss---|a1>ss|a0>ss — ‘anQn + an—12n_1 + ...CL12 + a0>ss
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Qubit as Superposition of States

The unit of quantum information - superposition of two basis
states (Bloch sphere - 6, ¢)

0 0 .
6, @) = cos 5\0) + sin §€Z¢‘1>

1 0
0) = , 1) =
0 1

The number states are eigenstates of fermionic number operator

N[0y = 0[0), Nyl1) = 1[1)
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Super-Qubit as Entangled Superposition of States

Superposition of n = 0 and n = 1 states (super-Bloch sphere

0,9)

0 0 .
9,6,C) = cos 5|0, ¢) +sin 2 e[1,C),
where the super-number states
0) 1 1)

0)ss = 10, — , [L)ss = |1, —
O =00 = ) =0 = oo (1

(¢ - complex parameter) — eigenstates of the super-symmetric

number operator
N10,¢) =0[0,¢), N1, ¢) =1[1,()

11, () — the boson-fermion entangled state
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Boson-Fermion Super-Qubit

Realization of qubit — arbitrary two level quantum system:

Dspins =3[ 1), [
2) single fermion (Pauli principle): |0),

1)
Interaction of two level quantum system with bosons (photons)
— (Jaynes-Cummings model) 1s described by the fermion and
the boson degrees of freedom.

Question: could we define the unit of quantum information in
fermion-boson system?

Here we introduce the analog of qubit in such system, which we
call the supersymmetric qubit or shortly, the super-qubit.

For simplicity, we will work with supersymmetric quantum
oscillator and with super-quanta or super-particles.
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Entangled One Super-particle State

1) Super-number operator N - counts the total number of
super-particles in given state (without distinguishing fermions
from bosons)

2) superposition of |0), and |1), states — the super-qubit unit
of quantum information, parametrized by two angles on unit
sphere (super-Bloch sphere).

3) In contrast to qubit case — |1),, is not unique. It is degenerate
state 1n a superposition of one boson and one fermion states.

4) It requires extra parameters and 1s characterized by two
spheres S% x S2. Information contents of super-qubit state more
reach and can be characterized by entanglement of fermionic and

bosonic states.
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pq-Boson-Fermion Super-qubit States

g- and pg- deformations of bosonic algebra (Quantum Groups)
The pg-deformed super-number operator [N}, , and |0) s ,,, and
1) ss.pq €1genstates — pg-super-qubit state:

U) = CO|O>ss,pq + Cl‘l>ss,pq

1) The states are entangled and for q as a root of the unity, —

finite number of g-bosons.

2) Superposition of super-coherent states — kaleidoscope of
finite number of quantum states with quantum group symmetry
It 1s suitable for description of the supersymmetric qutrit, ququad
and 1n general, supersymmetric qudit unit of quantum

information.
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2. Supersymmetric Quantum Mechanics
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Supersymmetric Quantum Mechanics

1) E. Witten (1981) - SUSY - supersymmetric quantum
mechanics

2) Physical realizations - motion of electron in magnetic field,
Pauli equation

3) Isospectral quantum systems, integrable models and solitons,
Darboux and Bécklund transformations, Schrodinger
factorization, dynamical symmetry

Let a and a' - bosonic operators, f and f' - fermionic operators

a,a'| =ad' —dla=1, {f.fTY=ff+ff=1I

Hamiltonian of composition

H = Hy+ Hy = oo} + o [f 1
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Supersymmetric Quantum Oscillator

za:m(N+%)+m(N¢€D:wwv

supersymmetric number operator

N 0
N = =Ny, +1; ® N.
0 N+1

a™, a, and the number operator N = a'a, N + I = aa’, are
acting in Fock space H;, with n-particle states {|n)} as a basis.
The states of supersymmetric quantum oscillator from H ; ® H,,
are characterized by number of fermions ny = 0, 1 and number

of bosons n, = 0, 1, 2, .... The basis states -

10,1) 55 = ‘O>f @ n), |1,n)es=11) ®[n)
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Supersymmetric Quantum Oscillator

Then, arbitrary state can be represented by superposition

[W)ss = ZCOn‘mf ® |n) + chn‘wf ® |n).
n=0 n=0

The super-number operator, counting total number of
super-particles (fermions and bosons) in a state

N|0)s @ [n) = (0+n)[0); ® [n)

N ®|n) = (1+n)[1);®|[n)

Then, the states |0) s ® |n) and |1) s ® |[n — 1) contain the same
number n of superparticles. Moreover, any superposition of
these states also have n superparticles.
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Supersymmetric Quantum Oscillator

Spectrum of SUSY quantum oscillator
Hn . mo)ss = Enyony I, mo)ss
1S

1 1
Enf,nb = hw (nb+§> + hw (nf— 5) = hw(nb+nf) = hwn

n = ny + ny - counts total number of superparticles
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Supersymmetric Number States

The normalized generic n super-number state

— ’O7n>88 +<|17n>ss _ 1 |n>
VITKE  VITRE\ ¢n-1)

where ( 1s an arbitrary complex number, is the eigenstate of

7, () ss

super-number operator
Nln, C) = nln, ¢)

The origin of complex plane ( = 0 corresponds to n pure bosons,
while the infinity in extended complex plane ( = oo, to one

fermion and n — 1 bosons.
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Stereographic Projection

By stereographic projection, the extended complex plane can be
projected to the unit sphere by formula

6. .
( = tan Elewbl, (1)
so that the state becomes

v 0, . 0
n, 01, ¢1) = cos — ) + sin — e , (2)

2 0 K n—1)

where 0 < 6, < 7, 0 < ¢, < 27 are angles on the sphere.
The states are entangled
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Supercharge

; 0 0 . 0 a
Q=/1"®a= , Q= fod
a 0 0 0
(h=1,w=1)
- change bosonic state to fermionic one and vice versa

- symmetry operators of H

ala 0 Hy 0
H={Q, QT} — —
0 aal 0 H_

[Q7 H] — 07 [QT7 H] —

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 17/126



Supersymmetry and Isospectrality

In coordinate representation

1 d 1 1
H = da=—=—4+-2°—=

H. = ad'=—-—+4 2" +=

H, = A'A= L &

I ——§E—|—V1(ZC)
; 1 d?

Hy = AAT= =2 L)

2 dx?
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Supersymmetry and Isospectrality

Operators

A= YT W(z), A'= ——— +W(x)

W (x) - superpotential

1 / L 2 i /3j
- = W(a), Vala) = WHa) + —=W'(a)

Vi(z) = Wi(x) 7 7

- Riccati equations

Vi(x) and V5 (x) - supersymmetric partner potentials

Va(z) = Vi(w) + vV2W'(2)
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Supersymmetry and Entanglement

The vacuum state n, = 0, n, = 0 - spontaneous supersymmetry
breaking state -

0)

Vo) =10); @10} =
0

1s the fermion-boson separable state

The n-particle state - supersymmetric state - double degenerate

0 0 . 0
n,0,¢) = cos = ) + sin —e*
2 0 K n—1)

1s fermion-boson entangled state
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Superparticles

Boson-Fermion Entanglement Entropy

& & &
o 9
" Fermions \ &
E ®
& b
& &
Bosons W &
o ®. ®
® o 2 @
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Fermion-Boson Entanglement

Elementary particles:

Fermions (spin = L ...; anti-commutator, Fermi-Dirac statistics)

2

and

Bosons (spin = 1,...; commutator, Bose-Einstein statistics)
Fermions - two states |0) and |1)

Bosons - co number of states |0),

1, o 1), ...

Fermion-Boson quantum system: Hilbert space H = H¢ ® H,
- ingredients of any quantum field theory

Supersymmetry - symmetry between fermions and bosons
N=2 Supersymmetric Quantum Mechanics - simplest

supersymmetric model - supersymmetric quantum oscillator
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Fermion and qubit States

Let f and fT are fermionic annihilation and creation operators,
Ff e ff =

Eigenstates |0) s and |1); of Ny = fTf, corresponding to

fermionic numbers ng = 0and ny = 1
Nyl0); = 0[0);, Nyl1)y = 1J1),

qubit basis states. Normalized linear combination — the qubit

unit of quantum information

0 0 .
6, ¢) = cos §]O>f + sin §ez¢\1>f, 3)

parametrized by points on the Bloch sphere S*: 0 < 0 < T,
0 <o < 2T.
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Boson States

a and a' are bosonic annihilation and creation operators,
aal —a'a =1

Number operator N = a'a and boson number states (basis in
Fock space)

(af)"
vn!

Coherent States: a|a) = a|a), in quantum optics - Glauber

0), al0) =0

n) =

(minimization of Heisenberg uncertainty relations - closest to

classical states) o € C complex number

o) = elol2 Y %rm — D(a)|0)
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Qubit-Qudit states

To work with fermionic and bosonic states, we first introduce the
qubit-qudit state from Hilbert space H ; ® H,,, and then, to have
the Fock space for bosons we take the limit n — oo. The qudit
state is determined by basis vectors |0), |1),...,|n — 1) as

computational states, and generic qubit-qudit state is

n—1 n—1
U) = conl0)r @ k) + Y cull) s @ k).
k=0 k=0

The state can be rewritten 1n two different forms. The first one

W= e+ el = ) @

1)
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Qubit-Qudit states

represents it in terms of the pair of one qudit states

n—1 n—1
o) = D colk), ) =) culk). )
k=0 k=0

In the second one,

n—1
) = lpo)s @10) + ... + 1)y @I =1) = @) @|1) (6)
[=0

it is given by n, the one qubit states |;), [ = 0,...,n — 1, defined
as

Col
1) = = co|0) s + cull)y. (7)

C1]
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Now, we send dimension of the qudit state, n — oo, so that the
space of states 1, becomes the Fock space H,:
lim,, o H,, = Hoo = H, and the computational basis of qudit

states transforms to Fock number states |k) ., = |k),
k=012, ...
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3. Entanglement Entropy
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Density Matrix for Pure States

for pure state |V):

p=[U) (T
— 07 = U (PO (W] = (|T)p
.

p* = ptrp

for pure states —
trp* = (trp)?

For normalized states trp = (V|¥) = 1
%

trp® =1
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Density Matrix for Mixed States

for mixed states
k
p=> pilU:) (¥
i=1

the difference

k k
(trp)> —trp® = pipy (WU (UH[05) — N pipy | (W] W5)
i,j=1 1,)=1

- Zm (0, 0,) — (0] %))
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Concurrence as Measure of Mixture

1
502 = (tr p)* —tr p°
the Gram determinant form

: (Ui |W;) (03] 05)
C? = 42]%227

1<J

(W50;)  (¥]7;)

For normalized states

k k
trp = ZPz(‘I’z|‘I’z> = sz' =1
i1 i=1

1
§C2zl—trp2
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Frobenius Norm and Linear Entropy for Mixed States

Then the level of mixture in the state with Hermitian density
matrix p = p' is determined by the Frobenius norm

k
trp> =trp'p =Y [(p)iI* = lIpll7

1,7=1

and 1ts deviation from the unity —
the linear entropy Sy, and the concurrence C' expressed by this

norm
1
S =1—trp" =1—|lpl" = 5C°

so that the positive number

0<C<V2
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Frobenius Sphere for Pure States

For pure states tr p> =1 — C = 0 and

ollp =1

This equation describes the unit radius sphere, which we call as
the Frobenius sphere. Every point on this sphere corresponds to

a pure state.
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Frobenius Spherical Shell for Mixed States
If
tr p* < 1

the concurrence C' # 0 and the state is mixed.
The level of mixture can be characterized by the concurrence C'.

By using the Frobenius norm
k k
1ollz =D (5 +2 > 1Pyl
i=1 1=i<;
and the squared normalization condition (¢r p)? =1 —

C* = 2(1—lpl")

= Q(Z(P)m Z(P)jy‘ — Z(P)zzz — 2 Z [(p)ii”)

i=1 j=1 i=1 1=i<
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Gram Determinant Form

k
02:42
1

(0)ji (p)js
In this formula the sum 1s going according to all 2 X 2 minors of

the density matrix p.
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Maximally Mixed States

To find maximal value of concurrence for mixed states, we
diagonalize Hermitian matrix p by unitary matrix U

p=UAUT, (8)

- diagonal matrix A = diag(Ai, Ao, ..., A), and all eigenvalues

are real. The unit trace condition becomes

E:&:1 (9)

and for the Frobenius norm we have

k
INEED IR (10)
1=1
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Maximally Mixed States

This gives the concurrence square as

1—ZA2_4ZM (11)

1=1<y

To evaluate maximal value of concurrence we consider function

F, s Ay A) = C2 — A\((#r A)2 — 1)

= 2(1= Y8 = A A - )

with Lagrange multiplier A.
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Maximally Mixed States

For critical points — system of equations (z = 1,2, ..., k)

k
OF
— = —4\;, — 2\ A =0
with solution A\; = Ay = ... = \; = ; Then, for maximally
mixed states
1
1A =
Frobenius spherical shell:
1
- < |lpllr <1
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Entanglement Entropy

for pure state p = |U) (V|
Bi-partite Hilbert space H = H4 ® Hp
Reduced density matrix

pa =1Trpp
von Neumann entropy = entanglement entropy
Sa=—=Tr(palogpa)

If Trp% = 1, the reduced state is pure state and the original state

| W) is separable:
V) = [0)a®@¥)p = pa = [¥)aa(d]

If Trp% < 1, the reduced state is mixed state and the original
state |W) is entangled

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 39/126



EPR pair

Bell state
0)4|1) 5 + [1)4|0) B

V2

density matrix p = |¥)(¥| — reduced density matrix - mixed

V) =

state

1 1
pa=Trpp=(|0)aa(0] + |1 aal]) = 5




Maximal Entanglement of EPR pair

1) concurrence - the linear entropy

C*=21-Trp3) =1 — C=1

2) von Neumann entropy

Sa=—=Tr(palogps) =1

3) the Renyi entropy of order n

1
S(n) —
4 1—n

Maximally entangled two qubit state

log, Trpy =1
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Entanglement and Entropy of the States

The direct product state of the form [i))  ® |¢); is the
termion-boson separable state from the Hilbert space H ¢ ® H,.
If a state 1s not separable, then it 1s entangled.

The fermion-boson basis states are formed by tensor product of
0)f ® |k), and
11)s ®|k), k=0,1,2,.... Then, for a generic state

the fermionic (the qubit) states with Fock states,

O o0

T) = conl0)r @ [k) + > enll)y@ k),  (12)

from H ¢ ® H;, Hilbert space we have two representations.
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Double Bosonic representation of the states

The first one

[40)
W) =0)r @ [1o) + |1)f @ [¢h1) =
[41)
1s determined by two bosonic states
o) =D corlk), 1) = calk)
k=0 k=0

as vectors in the Fock space.

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 43/126



Density matrix

The state | W) is separable if and only if in first representation,

o) = Ali).

If these states are linearly independent, the state 1s entangled. For

two Fock states are linearly dependent,

normalized state the density matrix 1s

(o) (ol [vo) (] )
p = W) (U] =

\ 10 (ol ) (e ]

By taking the partial trace in fermionic states, the reduced

bosonic density matrix

po = try p = [1o) (%ol + |¥1)(¢1]

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 44/126



Bosonic Gram determinant

We find the concurrence square as determinant of the Hermitian

inner product metric g;; = (1;|1;), (the Gram determinant), of

two vectors (7, 7 = 0, 1) in Fock space,

(voltbo)
C? =14

(¥1]t0)

(Yo|t1)

(Y1]¢1)

the concurrence square can be rewritten as an infinite sum of

modulus squares of all 2 x 2 minors of the coefficient matrix c,,,

02

DS
O=n<m

Con Com

Cin Cim

2
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Concurrence and Mean Value of Spin

. L 1 . .
spin s = 5 density matrix

(1405 20, )

\ 20 _ 1—03/

1+ (o3) 2{0)

>
|

DO | —

C? = 2det

2(0_) 1 —{o3)
C*=1—{o)?
(1) + (o9)* + (03)* + C* =1

C' = 1 max entangled state — (0;)* = 0,7 =1,2,3
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Frobenius Spherical Shell for Entangled Boson-Fermion

States

separable and entangled states admit simple geometrical
interpretation by points in spherical shell.

An arbitrary qubit-n-qudit state from Hilbert space H; ® H,,
with density matrix p, by taking partial trace we get reduced
density matrix p,, = tryp — the linear entropy S, and the
concurrence C' expressed by this norm

1
SLzl—trpizl—Hpn]\inCQ, (13)

so that
C* = 2(1— [|pall?). (14)

For separable states trp? = 1, C' = 0, and

pnll? = 1. (15)
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Frobenius Spherical Shell for Entangled States

so that every point on Frobenius sphere corresponds to a
separable state from H; ® H.,. If trp2 < 1, the concurrence
C # 0 and the original pure state is entangled. The level of
entanglement can be characterized by the concurrence C'.

for maximally entangled states

1
= 16
||| % o (16)

and the maximal value of concurrence 1s

C%M:2<1—l>:2”_1 (17)

n n
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Frobenius ball and Bosonic states

In particular cases we have:

1) for n = 2, the qubit-qubit state, and C,,,, = 1

2) for n = 3, the qubit-qutrit state, and Ci,,, = 2/ V3

3) for n = 4, the qubit-ququad state, and C,0p = V/3/V/2

To find the concurrence for maximally entangled fermion-boson
states we have to take the limit n — oo, which gives

Cmax — \/5 (18)

The above calculations allow us to find geometrical image of
entangled states. In fact, the maximal concurrence implies the

Frobenius sphere

1
[AllF =~ (19)

with radius r = 1/4/n.
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Frobenius Ball

As aresult, we have geometrical classification of entangled
states.

1. Qubit-n-Qudit states:

a) The separable qubit-n-qudit states are determined by

Pnl ’2 = 1.

b) The entangled states belong to the Frobenius spherical shell
with radius 1/4/n < r < 1.

2. Fermion-Boson state, when n — oo:

radius of internal sphere » = 1/4/n (maximally entangled states),
vanishes r = 0 — only one state at the origin — entangled
fermion-boson states belong to Frobenius ball ||ps||* < 1, with

Frobenius sphere with the radius one,

maximal value of the concurrence C' = /2, corresponding to
maximally entangled state at the center of the ball.
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Frobenius shell and Frobenius ball

Frobenius Shell: \/Lﬁ <r, <1 Frobenius Ball: 0 < r , <1

— 1]
\/2" >, >0 V2> (O >0

n
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Super Number states

Arbitrary superposition of these two states 1s also state with n
super-quanta - the super-number state

Y 0 . 0
n,0,¢) = cos = n) + sin —e*
2 0 2 n—1)

= energy levels with n super-quanta F,,~y = nw are double
degenerate with arbitrary 0 < 6 < 7,0 < ¢ < 27. Forn = 0 the
state | W) = |0) s ® |0), is the ground state with £y = 0. The
super-number state contains n super-quanta,

N|n,0,¢) = n|n, 0, ¢)

in superposition of the zero fermionic state |0) f ® |n) and the
one fermionic state |1) r ® |n — 1).
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Entanglement of Super-Number States

Then the reduced bosonic, as well as fermionic state 1s mixed
state and the generic state |n, 0, ¢) is entangled with concurrence

C = sin. (20)

It is bounded 0 < C' < 1 and does not dependent on n. The

states along the equator are maximally entangled states

T 1 ;
M%?¢%=;§WD®Vw+6WD®M%—D) (21)
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4. Entangled Super-Coherent States
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Fermion-Boson Bell States

For n = 1 we have the maximally entangled states -
fermion-boson analog of Bell states

L) = %(\onm £ [1)4]0%).

and another pair of fermionic-bosonic Bell states

B.) = %(\owmn £ [1)411)s).
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The Bell based Super-qubit States

For every Bell state we have its own annihilation operator, which
in addition to bosonic annihilation operator a includes the

fermionic annihilation or creation operators, f and f7

a =+1
Ay = =y Q®a=x f QI
0 a
T a 0 T
A:I:l — :[f®CLZ|Zf @Ib,

+1 a
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The Bell based Super-qubit States

The vacuum state 1s annihilated by two operators
A:I:l ‘\IJO> — 07

and it is orthogonal to the pair of Bell states |L, ) and L._). By
taking superposition of the state with these Bell states we get two

normalized reference states,
0,C,¢)r. = V1—C|¥) +VCe?|Ly),
which are annihilated by operators
A+1]0,C @), = 0.

The states are parametrized by real number C', bounded between
0 < C < 1. It represents the concurrence, showing the level of
fermion-boson entanglement in the reference state.
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Four Bell based reference states

As aresult, we have constructed four, the Bell type reference

states

0,C,¢)p, = V1—0|‘I’0>+\/66i¢|Li>a
0,C,¢)p, = V1—C|¥,)+VCe?|By),

with the inner products
Ly <Oa Ca Qb

By <07 Oa gb

0707¢>L_ =1-C

0707¢>B_ =1-C

and corresponding fidelity F' = (1 — ('), expressed in terms of

the concurrence C.
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Bell type Super-qubit state

The reference states

0 6 .
0,0,0), = COS§’\IJO>—|—Sin§62¢‘Li>

- the Bell type super-qubit states.
north pole — separable vacuum state |¥g) = |0)g
south pole — maximally entangled Bell state | L) = |1)g

superposition of n = 0 and n = 1 superparticle states
N0)s =0]0)s N[1)s=1[1)s

the state 1s fermion-boson entangled and the computational basis
for this super-qubit state is made from |0)s and |1) ¢ eigenstates
of super-number operator .
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The Bell Supersymmetric Coherent States

To create entangled super-coherent state we have to choose
reference state with entangled bosons and fermions.

We consider set of maximally entangled four Bell reference
states as super-qubit states.

The Bell super-coherent states defined as

la, Ly) =D(«a)|Ly), |a,By)=D(a)|Bs)

are eigenstates of corresponding supersymmetric annihilation

operators

Al‘avL—> Oé|C¥,L_>, A—l‘&7L+> — Oé|C¥,L_|_>,
A{‘OK,B_> — CV|047B—>7 ATl‘&aB+> :Oé|aaB+>'
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The Bell Supersymmetric Coherent States

The states are orthonormal and maximally entangled.
In explicit form the states are expressed as

o, Ly) = %(\o>fu,a>iu>f|o,a>>,
0, By) = %uon\o,ammﬂl,a»,

in terms of the displaced Fock states

0,a) = D(a)|0) =e2l"|a),

La) = D(@)1) = e H( ) - ala))

Here |a) is the Glauber coherent state (not normalized).
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Bell based Supersymmetric Coherent States

The linear combination of these, maximally entangled states with
orthogonal separable states produces the set of four
supercoherent states. These states are created by displacement

operator, acting on super-qubit reference states

‘Oéa Ca ¢>L:t = D(a)‘()? Oa ¢>Li

’&7 Oa ¢>Bi = D(&)’()? Ca ¢>Bj:

- eigenstates of super annihilation operators

Al‘a7 C) ¢>L_ — Ck‘Oé, C) ¢>L_7 A—l‘a7 Ca ¢>L+ — &‘&7 Oa ¢>L+

Alle,C,¢)p_ = ala,C,¢)p_, AL la,C,¢)p, = ala,C, )5,
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The Supersymmetric Bell based Coherent States

Then we have following definition. The super-coherent states as
displaced super-qubit states

a,C, ¢V =V1—Cl0); @10, 0) + VCe®|a, L_),
o, C,¢)p, = V1=Cl0); @ [0,a) + VCe|a, Ly),
la,C,¢)p. =V1—C1);®|0,a) + VCe|a, B_),
a,C, @), =1 —C|1); ®0,a) + VCe®|a, B,).

we call as the super-Bell based states.
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The Supersymmetric Bell based Coherent States

On the super-Bloch sphere these states take form

0 0, 0 .. 1 1, «
o, 0,p). = cos— 0, 0) 1 gin e —— 1, )
"\ 0 > V2 o
0 0 0 ., 1 0, a
’&797¢>B:F — COS — _|_Sin_6’b¢_ | >

2\ 10,a) 2 V2 \ F|1,a)
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Entanglement of Supercoherent States

For supersymmetric coherent states |«, C, ¢) 1., |o, C, ¢) g, the

concurrence 1s independent of o and 1s equal

C' = sin® g (22)
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Concurrence and Entanglement versus 6

Entanglement on super-Bloch sphere

1.0 -
0.8 -
0.6 -
0.4 -
0.2~
\\\\\ | I I I I | I I I I | I I I I | I I I I | I I 6
0.5 1.0 1.5 2.0 2.5 3.0
— Entropy Concurrence
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5. Uncertainty Relations and Entanglement for Bell

based Super-Coherent States
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Uncertainty Relations and Entanglement on Super-
Bloch Sphere

Here we calculate the uncertainty relations for quartet of
supercoherent states |a, 0, ¢)r. |«, 80, ¢)p, . The coordinate and

momentum operators we define as

1
X=I® —(a+al
f \/5( )

-

transformed by displacement operator to

P=1;® —(a' —a)

DH)XD(a) = X + I; 0 208 = X 4 I; © v2Ra,

V2

o —

V2

Df(a)PD(e) = X + I; Qi = P+ I; ® V23,
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Uncertainty Relations and Entanglement

Theorem
Dispersions of coordinate X and momentum P 1n all

super-coherent states |, C, ¢)r, and |a, C, ¢) g, are the same
and equal

(AX)2 = (X0 — (X)L = £(14C)~C(1-C)eos?s
(AP = (P"), —(P), = S(1+C)—C(1-C)sin’g
They do not depend of «:

(AX), = (AX),

0

(AP), = (AP);
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Uncertainty Relations and Entanglement

The uncertainty relation for the supersymmetric coherent states
are found as monotonically growing function of C,

AXAP = %\/1 + C2 4203 + C2(1 — O)?2sin® 2¢,

with small periodic dependence on angle ¢.
This implies inequality

. |
SV1+C2+205 SAXAP < S(1+C?),

with minimum value at ¢ = 0 and the maximal one at

¢_£ 3m om Um
40 40 40 4°
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Uncertainty Relations and Entanglement

%g(AXﬂAPygL

The lower limit, C' = 0 and state |a, V),

(AX) (AP) = 5

while the upper limit for C' = 1, to state |a, L),
(AX)(AP) =1

For zero fermionic state uncertainty reaches minimal value, as
pure bosonic coherent state, most classical state and separable
one C' = (0. Mixing bosonic and fermionic degrees (C' # 0), due
to nonclassical nature of fermions, increases non-classicality of

the states and corresponding uncertainty.
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6. Uncertainty Relations for Super-Coherent States
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Qubit and Schrodinger cat states

0 0 .
W) = cos §|O> + sin §€Z¢’1>

N10) = 0]0)
-zero superparticle state
N1) = 1]1)
-one superparticle state
Displaced qubit state
0 0

D(a)|¥) = cos §|O, «) + sin §€i¢‘1, )

the Schrodinger cat states - macroscopic and orthogonal
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Super-Qubit State (Entangled)

o e
|\Ij> — COS §‘O>SUSY -+ S1n 56 ¢’1>SUSY

N|0)susy = 0]0)susy

-zero particle state

N|Dsusy = 1D susy

-one particle state

Example:
0)susy = 10)r @ [0),

Dsvsy = |L+)

- boson-fermion Bell state
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One Super-particle State

general one super-particle state N'|1, () = 1|1, ),

0)r @ 1)y + C|1) f @ |0)y _ 1 1)
V1+[¢]? VI+ICP\ ¢lo)

- fermion-boson entangled one super-particle state.

1,¢) =

Stereographic projection of the extended complex plane can be
projected to the unit sphere

6, .
( = tan Elewbl,

Concurrence-not maximally entangled

2]
e
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Entanglement of Super-Qubit State
The super-qubit quantum state

0 0 .
9,6,€) = cos 210,C) +sin Ze[1,0).

or in explicit form

0 0 0 . 1 1
0, ¢, () = cos = 0) + sin =e* R
2\ 0 20 VIHIEP A ¢lo)
is characterized by two real 6, ¢ and one complex ( parameters.
Concurrence
6 2
C _ Sin2 - ’C‘

2 1+ |[C|?
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Uncertainty Relations for Super-Coherent States

The coordinate and momentum operators defined by

a+a‘L aT—a
, P=1;®i ,
V2 VR

transform by the dislpacement operator as

X:[f®

D' (a)XD(a) = X +V2Ra, D'(a)PD(a) =P + V23

The average values of X and P operators in super-coherent

states are equal

B sin 6 cos ¢
<&767¢7<‘X‘@797¢7<> T \/5%&_|—2\/1—|—|C’27

sin # sin ¢
+ :
2¢/1+[CP?
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Uncertainty Relations

The dispersions or the variance of X and P operators are defined
as (AX)? = (X?) — (X)?, (AP)* = (P?) — (P)*. Dispersions
of X and P operators in super-coherent states are not dependent
on « and equal

- 20 -2
(AX)2 1<1+281H §—Slﬂ (9(3082@/5)7

9 1+ |C]?

(AP — (1 . 25in? ¢ — sin? f sin? ¢> |

1
9 1+ |C|?
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Uncertainty Relations

or in terms of the Cartesian coordinates of the super-Bloch

sphere

1 1 — 2z — x2
AX)? — 1+ ,
(3X) 2( 1+\<\2)

2 1 1 —z—y°
arr = 5 ()

For angle ¢ = 7, coordinates x = y and dispersions are equal.

For the corresponding state in equatorial plane 6 = 7,

> 2_1 1
A7 = 0P = 5 (1 5 )
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Uncertainty Relations and Fibonacci Sequence

From this formula for states with |(| = 1 we have

5 F
AX)? = (AP)?=>=2
(AX) =(AP)=2=F

This suggests to construct the sequence of states with ratio of

Fibonacci numbers for any n. The sequence of circles

F,1 1

2 __

in complex plane (, determine dispersions

(AXn>2 — (APn)Q —

’
Fn—l—l
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Uncertainty Relations and Fibonacci Sequence

and uncertainty relations

I,
Fn—i—l |

AX, AP, =

The radius square of circles |(,|* is Fibonacci oscillating around

the value, corresponding to the limit n — oo,

1
2 e — —

where ¢ 1s the Golden Ratio.
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Uncertainty Relations and Fibonacci Sequence

In this limit we have the Golden dispersions

(AXo)? = (AP)? = -,

¥

and the Golden uncertainty relation

AX AP, = l
P
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Super-Quantum Computer ?

By using higher super-particle states it 1s possible to construct
super-qudit states as an extension of the super-qubit.
Super-qubit state as unit of quantum information 1s determined

by product of two unit (Bloch) spheres
S* x §?

much bigger capacity than usual qubit state —
super-qubit gates,
entanglement of /V super-qubit states,

algorithms,
supergravity, etc
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Super-Qubit and Schrodinger super-cat states

Displaced super-qubit state

v 0 .
D(a)| W) = cos |0, ¢ a) +sin Se™|1, ;o)

the Schrodinger Super-cat states - macroscopic, orthogonal and

entangled
— Super-coherent states
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Wave function of Super-cat states

C = 0 — 6 = 0 separable Gaussian cat state (classical state)

(' =1 — 6 = m maximally entangled non-classical cat state

0.6

— 6=0 O=rt/4 O=rt/3 O=r1/2

— 0=211/3 — 6=3m/4 6=5m/6 — O=1r
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7. The pg-deformed Quantum Oscillator
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The pq-deformed Quantum Oscillator

Here, we briefly recall basic properties of two parametric, the
pg-deformed quantum oscillator. It is determined by the pair of

creation and annihilation operators, a;; o Opgs and the number

operator /V, satisfying the quantum algebra

T _ al _ N
a/p’qapvq pap7qap7q - q Y

T a7 _ N
a/p’qa/paq qapaqa/p’q B p )

[N,al] = al

pq
N, apq] —  —lpq
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The pq deformed number operator

The pg-number operator is determined by formula

N — gV

[N]pq:

Y

pP—4q

and 1t can be represented in factorized form as

(Nlpq = a;fo,qap,q N+ 10 = ap,qa;r%q

The operator satisfies recursion relations

N +1],q = (P+q)|Nlpg—paN —1I]p4

N +1]pq = pNpg+ QN = q[N]pq + pNa

p
pN — p:N:p,q_pQ[N_]]p,qa
q

N :N:p,q —pq|N — ]]p,q
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The pq deformed number operator

gives commutator

Up, qa;r?q — a;g q¢4p.q = Gp.q; pq] N +1]pq— [ Nlpg

The Fock space basis states {|n), .}, defined as

(a},)"

7p.q!

10)pqs (p,q|0)p,g = 0,

1)pq =
are the orthonormal , ,(n|m), , = d,., eigenstates of [N], .,

(Npgln)pg = [n)pglm)pg

and satisfy relations

a};,qu,q = \/[n + 1pg Nt D)pg  Apgln)pg = A/ Mpg In—1)pg
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Hamiltonian and spectrum

operators a;g .+ dp,q are connected with bosonic operators al, a by

nonlinear transformation

pq N"'[pq
N+ 1

g — @

The spectrum of pg-deformed bosonic Hamiltonian

hw hw
Hp, = 7(%,61@;,(1 + a;ry,qap,q) = 7([N]p,q + N +1],4)

1s not equidistant and it 1s determined by sequence of pg-numbers

hw
E, = 7([n]p,q +n+1],,), n=0,1,2,..
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Quantum group structure and root of unity

Special case p — ¢*, ¢ — q >

primitive root of unity ¢** =1 — ¢ = e'n
Clock and shift matrices

The dilatation (rotation) operator in Fock space

(10 .. 0 )

0 @2 .. 0
AN T®Y = ® 1

\ 0 0 .. g
1s related with Sylvester clock and shift matrices

Yy = HXUH?

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 91/126



Sylvester Clock and Shift matrices

(00 .. 0 1) (1 1

1 0 ... 00 1
Y, = H:%

\ 00 .. 10) \ 1 @

The matrices are ¢*>-commutative

¥1Y5 = q° X3,

and satisty
X7 =1, Yy =1

~2(n—1)

g2(n.—1)2 )
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Symmetric quantum calculus and root of unity

From dilatation operator ¢*" we have ¢?-number operator

2N — 2N

_ = I ® diag(|0]z, 1]z, ..., [n — 1]z)

Me =T

672

for the symmetric calculus, as matrix with diagonal elements
. —2n

. 2n
given by g-numbers: |1z = qq2_3_2 :

The operator can be factorized as

[N]s2 = BT B, [N + 1]z = BB™
where
Br=0, (BY)"=0
and
B=1®a N
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Explicitly in matrix form it is




Finite Discrete Spectrum
p — ¢%, ¢ — q° The operators satisfy quantum algebra
BBt — $*BtB = ¢V
BBT —¢*B™B = ¢V
and determine quantum ¢*-oscillator with Hamiltonian

H =" ([Ng + [N + 1)

Eigenstates of number operator
" [Yr) = ¢ [vr)
Nlg|tw) = [Flgz|vn),
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Special Case: Symmetric ¢-calculus - root of unity

Eigenstates of Hamiltonian

HIWe) = Bl = - (e + [k + 1) o),

with finite spectrum, £ = 0,1,....n — 1,

B, — hw sm—.(k+ )
2 sm%

1. H. Weyl "The Theory of Groups and Quantum Mechanics"
(1931) proposed clock and shift matrices for quantum mechanics

of finite dimensional systems
2. The spectrum was obtained also for description of two anyons

(Floratos, Tomaras 1990).
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The pg-Coherent States

The pg-coherent states are defined as eigenstates of annihilation
operator a, 4,

Upq|Q)pg = C|Qt)pq, € C. (23)

The coherent states (not normalized), expanded in the deformed
basis states take the form

.l.
XAp g

oo n
Qo
Qo = E n — e 0
‘ >p7q — /[n]p’q' ‘ >p7q P,q | >p7q7

(24)

and have the inner products

2 2
pa{Bla)pg = 65,057 pale|a)p g = €}|90,éc|] : (25)
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The pg-Coherent States

The normalized states are

2\ 12 12
‘Oaaﬁpa:::(ekg ) ‘a»pg:::(egg ) j{: N/—————‘N’PQ7

with the following inner product

epa@ﬁ
p>Q<Oa O“Oa 6>p,q — \/6 o2 o EIE )
p,q b,q
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Coordinate-momentum uncertainty relations

In terms of pg-deformed coordinate and momentum operators,
defined as

h - Imhw

Xpg = 2mw( pg T Op, q) Fog=1 9 (a;r?,q - ap,q)

the Hamiltonian is

I mw? 5
Hp’q_%qu—FTX
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Proposition

2\ Xp | ¥)p g _ 2_h P 2,80 P q0)p g — e Sa
p,q<04‘04>p,q mow p,q<04‘04>p,q
2
oa| X7 o), h _ ehl!
= <af§> = = 5 o’ +a’ + (1+g)laf + =57 |,
p,q p,q Ep.q
9
p,q<04|Xp,q|Oé>p,q . h 2, =2 2
( pq<O“Oé>pq  2mw (& a2l )’
p,q<(1‘Pp2,q’&>p,q mhw

6pIOéI2
: —<a2a2+<1+q>|a2+ i)

p,q<04|04>p,q €p,q

2
9
<p,q<04‘Pp,q|Of>p,Q> _ hw

2 -2 9
— (—a”® — 2 .
p,q<O‘|O‘>p,q 2 ( . v ‘a| )

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 100/126



Dispersion

Dispersions for deformed coordinate and momentum are defined

as

2
(AX2) — Xy gla)pg <p,q<@|xp,qyoé>pyq) |

p,q<04|a>p,q p,q<a‘@>p,q

9

(AP?) = p,Q<O“Pp2,q|O‘>p,q B (p,q<O"Pp,q‘a>p,q) |
p,q<a‘o‘>p,q p,q<O“O‘>p,q
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Theorem

<AX2> — i ( _1)‘04’2_|_6£!g|2
omw \ ol
D:q
h P|04‘2
(AP = (g D]af + 2L
: &
and
h 29|04|2
AXAP =2 ((q —1)|al® + eﬁjp )
Cp,q

In these formulas equivalent expressions appear by interchanging
of p and q.
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Theorem

Example 1: For non-symmetric, p = 1 case,

AXAP = g (1+ (¢ —1)|al?)
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Theorem

For small values of |a|? << 1, we have
h 2
AXAP ~ 5 (1+(@+q-2)a?)

In Fibonacci case p = ¢, ¢ = ¢/, this gives uncertainty

AXAP ~ (1= |aP)
2

smaller than the classical one /2.
In the case of Fibonacci divisors p = ©*, ¢ = ¢’ “ the deviation

1s determined by Lucas numbers Ly,

AXAP ~ g (14 (Ly — 2)[af?)

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 104/126



8. The pg-Deformed Super-symmetric Oscillator

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 105/126



The pg-Deformed Super-symmetric Oscillator

Two operators

Qp = Q=
o\ e, 0 PN o
determine Hamiltonian of the pg-deformed supersymmetric
oscillator,
hw hw [ [N] 0
S p,q
Hp,q - T(Qp’q’ Q;r?,q—'_Q;r?,qu,q) — o

2 0 [N+1],,
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The pg-Deformed Super-symmetric Oscillator

The pg-deformed super-number operator, defined as

0 [N+ 1]pg

1s connected with the supersymmetric number operator
N =1;® N+ N;® I, , by formula

[N}p,q:pN:QN
pP—4q

The Hamiltonian 1s expressed in terms of it as

iy

S
Hp,q_ 9 ,
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Spectrum

after taking partial trace in fermionic variables it gives the
Hamiltonian for the pg-deformed oscillator

hw
TTfHS = 7([N]p,q + N+ 1)) = Hpyq

The eigenstates of operators, [A], , and H> are the same, with
eigenvalues given by the pg-number sequence |1, ,, so that the
spectrum of energy 1s

by = [n]p,q

hw
2
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The pg-Deformed Super-Number States

The eigenstates of operator [N], , are of two types,

‘n>p-q ‘”>p q
N _ ,
[ ]p,q 0 [n]p,q 0
and
0 0
N —
[ ]p,q n— 1>p7q [n]p,q n— 1>p7q

with number of fermions equal to zero and to one,
correspondingly. These states are separable, while an arbitrary
superposition of the states 1s also an eigenstate, but it could be
entangled.
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The pg-Deformed Super-Number States

The normalized pg-deformed super-number state (up to the
global phase), i1s the double degenerate superposition of the

above states,

6 n 0 0
7;0, @)y = cos s >e
0 n—1)p4

It is an eigenstate of [N], ,, giving the energy level

hw
IS 7[”]“ T nb}p,q

where n = n; + n; counts number of superparticles in the state.
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The pg-Deformed Super-Coherent States

Super-annihilation operators are defined as

papg, —1 AT D apq 0

0 q Up.q —1 4 Qp.q

A =

Eigenstates of these operators we call as the pg-deformed

super-coherent states
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The pg-Deformed Super-Coherent States

Proposition

The separable pg-deformed super-coherent states are

lof? o)

asept) = (efg) 2| 7
0

lef? 0

s d) = ()|
q

Ala, sep 1) = ala, sep 1)

Alla, sep |) = ala, sep )
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The coordinate and momentum uncertainty relations

The pg-deformed supersymmetric coordinate and momentum
operators are defined as, (h =m =w = 1),

t P
A, , + Qpgq Ay, Ay q
Xp,q_]f® pq\/§ ) })}?,CI:]JC(§§>Z pQ\/§
Proposition
p'“';
2 2 1 |04|2 €p.q
(AXpq)” = (AP,)" = AX,AB, = 5 (¢ — 1)? T ar
p2
€p,q
q'“f
2 2 1 o> epg
(AXpq)” = (AP,)" = AX, (AR, = ) (p— 1)? T T ap
2

q
€p,q
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The coordinate and momentum uncertainty relations

Comparison of these formulas for separable supersymmetric
states with the ones for pure pg-deformed states shows that they

coincide after transformation
a— a/p

and

a— a/q

respectively
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Entangled normalized deformed super-coherent states

/
(8
1 Q|p_q>p,q
|2 '3'22 —|a|22 —%2 ’g>pq
o pq 1 _ pgq q q’
—2-€pq T =2€pq T Epg

satisfies equation

‘CV?L> —

1 (84
’047 B> — p>
, lal? a2 a2 p‘a_’>
|2 p242 1 _ pg? p2 Pq
2243 €. =+ 2 Ep.a + €pgq

1s subject to the eigenvalue problem

Alla, B) = ala, B)
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Proof

Representing eigenstate of A in the form,
A) = 10)400) . + 1) 1) We get equations

Upg|V1)pg = %|¢1>p,qv (20)

1
(ap,q_%)‘¢0>p,q = Z_?Wﬁp,(r (27)

Solution of the first one 1s just the pg-deformed coherent state,
V1) p g = M| %}WI. For the second one, the general solution
1Y0)p.q = [0) hom + |%0)nonhom 18 Superposition of general
solution for homogeneous part and particular solution for the

non-homogeneous one. For the former, |¢g)nom = )\0\%>qu and

/
for the second one, |¥0) nonhom = Alq\;‘—q>p,q.

Uncertaintv Relations and Entaneolement for PO-deformed Suner Oubit States —n. 116/126



Proof
Thus,

/

@7 Qv )
|A>:)\0‘O>f®'_> + A\ |O>f®q —> +‘1>f®‘—>
p p,q pq P,q q D,q

Here, arbitrary coefficients \g and A; can be chosen to normalize
the state and to produce two orthogonal states.
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Entanglement of pq Super Coherent States

Proposition

For a generic normalized state

W) = ZCOk‘mf ® |k)pg + chk|1>f & |k)pg =
k=0 k=0

|O>f ® ‘¢O>p,q + |1>f & W1>p,q

from H; ® H, , Hilbert space, the concurrence 1s

/ p,q<¢0|¢0>p,q p,q<¢0w1>p,q \
C'=2 |det

\ \p,q<¢1|¢0>p,q p,q<¢1w1>p,q )
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Entanglement of pq Super Coherent States

Proposition

For the pg-deformed super-number state

0 In 0 . 0
n; 6, ¢),, = cos = Mpag + sin —e"
2 0 2 7 —1)pq

the concurrence 1S

C =sinb
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Theorem: concurrence for pg-deformed supersymmet-

ric states

2 2 2 2 2
1 || || ’&‘2 | || |C¥‘2 la]=
2 _ 2 92 _ pq q p2q2 pg?
Cr(lal®) = 2N; —€p,q €pyg 1 Cpa €pg T 5 5 | Epa
D P q p°q
2 |af? 1 al? al?
I (o el
Np= = 1 Epa T S€pg Tt Epg -
pq p
2 2 2 2 2
1 la]® | ‘@’2 o] o] ’&|2 le|%
2 - 2 P2  _ pq p2  _p2q2 p2q
Cp(lal”) = 2Nj 5€pg €pa T 5 3€pa Epg — 5 | €pa
p°q pq
2 |af? 1 al? al?
o alt e el
NB — €pq T —5€pg T €pg
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Proposition

In the limit o — 0O, entangled states become the reference states

1 1) pq
1+ p? p‘0>p,q

‘07L> —

with concurrence

2|p|
O, —
L 1+ 2
and
1 0
|07 B> _ Q‘ >p,q
L+g? \ 1),
with concurrence
2
o q
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Theorem

The coordinate-momentum uncertainty relations in entangled

reference states are

1 p+q
(AXp,q)(Q)L — (APp,q)gL — (AXp,qAPp,q>0L — 5 (1 + 1 —|—p2>

1
1/, pta
2 1+ ¢?

(AXp,q)(Q)B — (APp,q)gB — (AXp,qAPp,q)OB —
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Conclusions

We found that for pg-deformed quantum oscillator, the
uncertainty relations depend on deformation parameters p and q.
In supersymmetric case, we constructed entangled coherent

states with concurrence depending on these parameters as well.
This imply that deformation parameters introduce
non-classicality to the coherent states in both cases.

Uncertaintv Relations and Entanelement for PO-deformed Suner Oubit States — n. 123/126



	�lue �egin {small}Outlinesend {small}
	
ed �egin {small}1. Bit, Qubit and Super-Qubit end {small}
	
ed �egin {small} Bit, Qubit and Super-Qubitend {small}
	
ed �egin {small} Qubit as Superposition of Statesend {small}
	
ed �egin {small} Super-Qubit as Entangled Superposition of Statesend {small}
	
ed �egin {small} Boson-Fermion Super-Qubitend {small}
	
ed �egin {small} Entangled One Super-particle Stateend {small}
	
ed �egin {small} pq-Boson-Fermion Super-qubit Statesend {small}
	
ed �egin {small} 2. Supersymmetric Quantum Mechanics end {small}
	
ed �egin {small} Supersymmetric Quantum Mechanics end {small}
	
ed �egin {small} Supersymmetric Quantum Oscillator end {small}
	
ed �egin {small} Supersymmetric Quantum Oscillator end {small}
	
ed �egin {small} Supersymmetric Quantum Oscillator end {small}
	
ed �egin {small} Supersymmetric Number States end {small}
	
ed �egin {small} Stereographic Projection end {small}
	
ed �egin {small} Supercharge end {small}
	
ed �egin {small} Supersymmetry and Isospectrality end {small}
	
ed �egin {small} Supersymmetry and Isospectrality end {small}
	
ed �egin {small} Supersymmetry and Entanglement end {small}
	
ed �egin {small} Superparticlesend {small}
	
ed �egin {small} Fermion-Boson Entanglementend {small}
	
ed �egin {small}Fermion and qubit States end {small}
	
ed �egin {small}Boson States end {small}
	
ed �egin {small} Qubit-Qudit states end {small}
	
ed �egin {small} Qubit-Qudit states end {small}
	
ed �egin {small} end {small}
	
ed �egin {small} 3. Entanglement Entropy end {small}
	
ed �egin {small} Density Matrix for Pure States end {small}
	
ed �egin {small} Density Matrix for Mixed States end {small}
	
ed �egin {small} Concurrence as Measure of Mixture end {small}
	
ed �egin {small} Frobenius Norm and Linear Entropy for Mixed States end {small}
	
ed �egin {small} Frobenius Sphere for Pure States end {small}
	
ed �egin {small} Frobenius Spherical Shell for Mixed States end {small}
	
ed �egin {small} Gram Determinant Form end {small}
	
ed �egin {small} Maximally Mixed States end {small}
	
ed �egin {small} Maximally Mixed States end {small}
	
ed �egin {small} Maximally Mixed States end {small}
	
ed �egin {small} Entanglement Entropyend {small}
	
ed �egin {small} EPR pairend {small}
	
ed �egin {small} Maximal Entanglement of EPR pairend {small}
	
ed �egin {small} Entanglement and Entropy of the States end {small}
	
ed �egin {small} Double Bosonic representation of the states end {small}
	
ed �egin {small} Density matrixend {small}
	
ed �egin {small} Bosonic Gram determinant end {small}
	
ed �egin {small} Concurrence and Mean Value of Spin end {small}
	
ed �egin {small} Frobenius Spherical Shell for Entangled Boson-Fermion States end {small}
	
ed �egin {small} Frobenius Spherical Shell for Entangled States end {small}
	
ed �egin {small} Frobenius ball and Bosonic states end {small}
	
ed �egin {small} Frobenius Ball end {small}
	
ed �egin {small} Frobenius shell and Frobenius ballend {small}
	
ed �egin {small} Super Number states end {small}
	
ed �egin {small} Entanglement of Super-Number States end {small}
	
ed �egin {small} 4. Entangled Super-Coherent Statesend {small}
	
ed �egin {small} Fermion-Boson Bell Statesend {small}
	
ed �egin {small}The Bell based Super-qubit States end {small}
	
ed �egin {small}The Bell based Super-qubit States end {small}
	
ed �egin {small} Four Bell based reference states end {small}
	
ed �egin {small} Bell type Super-qubit state end {small}
	
ed �egin {small} The Bell Supersymmetric Coherent States end {small}
	
ed �egin {small} The Bell Supersymmetric Coherent States end {small}
	
ed �egin {small} Bell based Supersymmetric Coherent States end {small}
	
ed �egin {small} The Supersymmetric Bell based Coherent States end {small}
	
ed �egin {small} The Supersymmetric Bell based Coherent States end {small}
	
ed �egin {small} Entanglement of Supercoherent Statesend {small}
	
ed �egin {small} Concurrence and Entanglement versus $	heta $end {small}
	
ed �egin {small} 5. Uncertainty Relations and Entanglement for Bell based Super-Coherent Statesend {small}
	
ed �egin {small} Uncertainty Relations and Entanglement on Super-Bloch Sphereend {small}
	
ed �egin {small} Uncertainty Relations and Entanglement end {small}
	
ed �egin {small} Uncertainty Relations and Entanglement end {small}
	
ed �egin {small} Uncertainty Relations and Entanglement end {small}
	
ed �egin {small} 6. Uncertainty Relations for Super-Coherent Statesend {small}
	
ed �egin {small} Qubit and Schr"odinger cat statesend {small}
	
ed �egin {small} Super-Qubit State (Entangled)end
{small}
	
ed �egin {small} One Super-particle State end {small}
	
ed �egin {small} Entanglement of Super-Qubit State end {small}
	
ed �egin {small} Uncertainty Relations for Super-Coherent Statesend {small}
	
ed �egin {small} Uncertainty Relations end {small}
	
ed �egin {small} Uncertainty Relations end {small}
	
ed �egin {small} Uncertainty Relations and Fibonacci Sequenceend {small}
	
ed �egin {small} Uncertainty Relations and Fibonacci Sequenceend {small}
	
ed �egin {small} Uncertainty Relations and Fibonacci Sequenceend {small}
	
ed �egin {small} Super-Quantum Computer ?end {small}
	
ed �egin {small} Super-Qubit and Schr"odinger super-cat statesend {small}
	
ed �egin {small} Wave function of Super-cat states end {small}
	
ed �egin {small} 7. The pq-deformed Quantum Oscillator end {small}
	
ed �egin {small}The pq-deformed Quantum Oscillator end {small}
	
ed �egin {small}The pq deformed number operator end {small}
	
ed �egin {small}The pq deformed number operator end {small}
	
ed �egin {small} Hamiltonian and spectrum end {small}
	
ed �egin {small} Quantum group structure and root of unity end {small}
	
ed �egin {small} Sylvester Clock and Shift matrices end {small}
	
ed �egin {small} Symmetric quantum calculus and root of unity end {small}
	
ed �egin {small} end {small}
	
ed �egin {small} Finite Discrete Spectrumend {small}
	
ed �egin {small} Special Case: Symmetric $q$-calculus - root of unity end {small}
	
ed �egin {small} The $pq$-Coherent Statesend {small}
	
ed �egin {small} The $pq$-Coherent Statesend {small}
	
ed �egin {small} Coordinate-momentum uncertainty relationsend {small}
	
ed �egin {small} Propositionend {small}
	
ed �egin {small} Dispersionend {small}
	
ed �egin {small} Theoremend {small}
	
ed �egin {small} Theoremend {small}
	
ed �egin {small} Theoremend {small}
	
ed �egin {small} 8. The $pq$-Deformed Super-symmetric Oscillatorend {small}
	
ed �egin {small} The $pq$-Deformed Super-symmetric Oscillatorend {small}
	
ed �egin {small} The $pq$-Deformed Super-symmetric Oscillatorend {small}
	
ed �egin {small} Spectrumend {small}
	
ed �egin {small} The $pq$-Deformed Super-Number Statesend {small}
	
ed �egin {small} The $pq$-Deformed Super-Number Statesend {small}
	
ed �egin {small}The $pq$-Deformed Super-Coherent States end {small}
	
ed �egin {small}The $pq$-Deformed Super-Coherent States end {small}
	
ed �egin {small}The coordinate and momentum uncertainty relations end {small}
	
ed �egin {small}The coordinate and momentum uncertainty relations end {small}
	
ed �egin {small} Entangled normalized deformed super-coherent states end {small}
	
ed �egin {small} Proofend {small}
	
ed �egin {small} Proofend {small}
	
ed �egin {small} Entanglement of $pq$ Super Coherent Statesend {small}
	
ed �egin {small} Entanglement of $pq$ Super Coherent Statesend {small}
	
ed �egin {small} Theorem: concurrence for pq-deformed supersymmetric statesend {small}
	
ed �egin {small} Propositionend {small}
	
ed �egin {small} Theoremend {small}
	
ed �egin {small} Conclusionsend {small}

