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@ Semi-classical physics is useful for systems with quantum corrections,
instead of solving the full quantum theory, e.g. low-energy effective action,
time-dependent variational principle, canonical effective methods

@ Canonical effective methods: Parametrize a state by expectation values
and moments: (§), (%), A(g?7®) and approximate quantum dynamics by
coupling (§), (#) to A(g?7?) [Bojowald, Prezhdo, etc.]

Advantages & Challenge

i. Need only expectational-value functional on the algebra
ii. PDE for wavefunctions — system of coupled ODEs
iii. However, moments of a state do not form canonically conjugate pairs (mostly
non-linear)

v
Construct canonical realizations of Poisson systems (Casimir-Darboux
coordinates) for semiclassical truncations.




Setup 1 - Kinematical setting

@ Canonical (unital) algebra A generated by self-adjoint Q;, My, 1 <j, k <N,
with canonical commutation relations:

[Qj, M| = ihdjx

@ States: positive linear functionals w : A — C
o Basic expectation values: g; = (Q;) € R and 7, = (1) € R

Definition 1

Agst - gyt - oml) = ([(Qu — ) - (Qw — gn) ¥ (Al = m) - (A — )], )

o Note: () to denote w(a) with (§ — a) = 0 for any operator 4 and
SN (ki+ 1) >2,Vi, ki, i €N

Poisson structure

N

{(A),(B)} = x (IA, B]) (Extended to all moments via linearity and Leibniz rule)
e.g {qm} =0k, {q A} = {me, A} = 0 ({g, A} Z<Q 9’ (N —mT Y




Setup 2 - Semiclassical truncation

Definition 2

A state on A is semiclassical if its moments obey the hierarchy:

NG T e (h% Zn(/n+kn))

The semiclassical truncation of order o > 2 of a quantum system with A is a
finite-dimensional manifold P, with coordinates g;, 7, and all moments such that

Zn(ln aF kn) <o

Boundary components from Cauchy-Schwarz inequality

0=2:A(q7)A(r7) — Agjmk)® > %Zéjk (Higher-order versions exist for o > 2)

Example (N =1 and o = 2)

{g,7} =1, {A(q?),A(gm)} = 2A(q%),
{A(gn), A(m?)} = 2A(72),  {A(g?), A(n%)} = 4A(gm)

-




Setup 3 - Dynamics

Quantum Hamiltonian

Ho((), A) = (A)y,a := (H(q; + (@ — q), 7k + (M — 7))

Effective Hamiltonian of order o

>
>
A,

I /
> M) Al

h IN 5. k1 kn Ry thy k!
S, (o kn)=2 aqyt--aq ot ol 1! Intky N

M)

HEfr’o = HQ|Zn(/n+kn)§o = H(qj,Trk) +

@ A formal Taylor expansion in @j —gj and M, — 7« and H(q,) is the classical
Hamiltonian (H € A)

@ Polynomial Hamiltonians are of particular interest.

Effective equations of motion

f(g,m,A) = {f((-),A), Hesr,0 } are truncations of Heisenberg’s equations of
motion evaluated in a state
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Setup 4 - Connection to QM and QFT

Number of moments A

1+o0(2N+o
#a= TN <o+1 > — e
O(h°/?)/N-DOF | 1 | 2 | 3 e
h 3 10 21 00
h3/2 7 30 77 o0
h2 12 65 203 o0
h> oo (QM) | oo 00 .. | 00 (QFT)

Table 1: Number of moments for a given semi-classical order and number of classical degrees of
freedom
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General Poisson Bracket Formula for N =1

@ [Bojowald-Skirzewski 2006]:

M i n—1
+ 2 (2) Kibea A"t
odd n=1

with M = min(a+c,b+d,a+ b,c + d) and
n Z m a b c d
fea = S (1) m) (2GS

@ Brackets are linear in moments if: a+b=2orc+d=20ro0=3

The nonlinear terms are products of moments:
o (A At x Ap 1A+
@ Fornnm>3:n+m—2>4(Fornm=2:A,_1,An_1—0)
@ Contribute at fourth order and higher

T i = = e
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Poisson structure of second-order (o = 2) truncation

For N degrees of freedom, let x; = (g1, ..., qn, 71, - -, TN)-

Poisson brackets ad(A)(A’) = {A, A’}

{8(xi%5), D(4x1)} = X e 0 B(5m¥n) = X o £ D Xm¥0)

Structure constants:

ﬁjm,?, = T,-k(SJf"cS,” + T,-,(ij"é,’(’ + 7.Jk5’1175;1 + 7]/(5,’"5;2

where 7 = {x;, %}, > 7Tk = —6ik and A(xmxn) = A(XnXm)

Cartan Metric g(V, W) = tr(ad(V) o ad(W))

Gijikl = Zm,n,o,p f;f:f:z,fk(,'z;) = 4(N + 1)(7imj + i) (non-degenerate)

If g(V,-) =0, then 3=, ; 7 Sym(V¥) 7 = 0. Since 7 invertible, V¥ must be
antisymmetric (while Sym(V%) #0) = V = 0.

= Second-order moments form a semisimple Lie algebral!
9/26



Cartan structure of second-order moments

Cartan subalgebra b

Moments A(g;m;) for 1 < i < N span the Cartan subalgebra.

° {A(qh 771')7 A(Qj, T‘—j)} = 07 V’m/

o g(A(qi,m),A(qi,m;)) =0, Vi#j

o g(A(qi; i), A(qi, i) = g(A(ai, 77), A(qi, 7)), Visj
e A(qiqg;j), A(mim;): nilpotent in 3 steps

o A(gxm) with k # I: nilpotent in 2 steps

Root system
Eigenvalues of ad(A(gimi))(-) with {A(qi, i), A(Xj, xk)} o A(x}, xk):
o +2: A(mm;)
o +1: A(mixx) with xx # q;, 7
o —1: A(gixk) with xx # g;, 7
o —2: A(q;q;)
o 0: others

™ mid = — SaNe
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Dynkin Diagram

Simple Roots

{A(qem), A(gsm2), - - - A(gumn-1), AR}

Corresponding simple root vectors:

1 0 0
-1 1 0
0 7 -1 e 0
0 0 2

® — 0 — 0 — 0O
a1 Qy QN-1 Qpy

Figure: Dynkin diagram for sp(2N,R) (Cu). Filled circles: shorter roots, empty circles:
longer roots.

The algebra of second-order moments is sp(2N, R)!
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Casimir Functions

For sp(2N,R), there are N Casimir functions:
U o tr[(TA)?™], m< N
where A is the matrix with components Aj; = A(xix;) and 7; = {x;, x;} and

{Usm, Hest 2} = 0, Vm

Interpretation

These are approximate constants of motion in quantum mechanics:
@ Commute with any function of second-order moments
@ Do NOT necessarily commute with higher moments

@ One constant per classical degree of freedom
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Example: sp(4,R) for N =2

{A(), A(miar), A(a}), A(73), A(m2a2), A(d5), Almima), Ama2), A(maqr), A(qrg2)}

Cartan metric:

0O 0 -24 0 0 0 0 0 0 O
0 12 0 0 0 0 0 0 0 O
24 0 0 0 0 0O 0 0 0 ©
O 0 0 0 0 -24 0 0 0 0

1o o o o0 12 0 0 0 0 ©

€10 0o 0 240 0 0 0 0 0
o 0 0 o0 0 0O 0 0 0 -12
o 0 0 0 0 0 0 12 0 0
o 0 0 0 0 0 0 0 -12 o0
o 0 0 0 0 0 -12 0 0 0

Cartan subalgebra: § = (A(g171), A(gam2))

Simple root vectors {A(71q2), A(73)} implying simple roots:

= () o= (3) man= (% )
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Third-Order truncation (N =1 and o = 3)

At third order, we have:
@ 7 moments total
@ Brackets between third-order moments = 0 (within truncation)

@ Third-order moments form an Abelian ideal

Examples for Poisson brackets

{A(d%), A(g°m)} = 2A(q%)
{A(q°), A(gr®)} = 4A(q%T)
{A(¢°), A(m*)} = 6A(gn?)

Lie algebra: sp(2,R) x R*

Using the isomorphism to sp(2,R): A= —1A(7?), B = 1A(¢?), C = A(gn)
Casimir: K = —(AB+ BA)— 1?2 = -21=-2 (3 + 1)1

This is the spin-3/2 representation of sp(2,R)!
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Canonical realization

Definition

A canonical realization of an algebra (C*°(M), {-,-}) on Mc Mis a
homomorphism (C®(M), {-,-}) = (C°(R* x R'),{-, }can) to functions on
R?" x R! with:

® {Sn, P }ean = 67 on R?",

o {f,Ulean =0 forall f and U € R

It is faithful if dim M = 2r + [ and 2r = rank (of the Poisson tensor on M).

A\

Example (su(2))
o Poisson Brackets: {S;, S} =3, €Sk and Casimir: $2=3".5,

@ Canonical Realization:

S« =1/52—S5%2cos¢ and S, =/S5%— SZsin¢

Check: {¢,S,} = {arctan(S,/5«),S,} =1
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Second-Order Truncation (N=1)

Known result [Prezhdo 2006]:

Canonical Realization

INCOEES
A(qr) = sps

U
A(n?) = pZ + 2

U is the Casimir function:
h2
U= A(*)A(r?) - Algm)* >
Maps to sp(2,R) via: [A,B] =C, [A,C]l=-2A, [B,C]=2B

A= —ZA(), B=A(@). C=Agn)
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Poisson structure of semiclassical truncations

Casimir-Darboux coordinates

Find a (faithful) mapping F from A’ to Casimir-Darboux coordinates (sk, p¥),
such that the Poisson bracket of Poisson manifold P is preserved:

F{A} = (Uj, 56, p%), 0<i<dim(P), 0<j<dim(Null(P)), 0<k<r.
with properties

{Snapm}:61T7 {"Uj}:07

p P LoATON oA ON
Pi(A) ={A", A} =" 5o 3o ~ o7 B
n—=1 n n

@ The number of A’ in terms r and o (semiclassical order):

. l1+o0/2r+o
dim(P) = o7 <O+1>—(2r+1)
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Casimir-Darboux coordinates (N =1 and o = 2)

@ Based on the proof of Darboux theorem [Arnold 1997]: We construct
hypersurfaces Poisson-orthogonal to already-found canonical pairs

o Consider s = \/A(qg?) as first canonical coordinate.

o Identify the parameter along its Hamiltonian flow with —p;:

9A(q?)

) (a5 =0
) {a(gm).s) s
oA(r) _Adgn)

) (a5 = 258

@ Integrate:

A(gm) = sps + fi(s)

f
a() = p2 225, 4 ()
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Casimir-Darboux coordinates (N =1 and o = 2) - Result

Impose {A(qr), A(7?)} = 2A(7?):

Solutions: fi(s) = Us, f(s) =
After canonical transformation

dh _ h
ds s
ah _,hdh _,h
ds “s2ds s
4+ 07

Ps = Ps + U:
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General Method for N > 2 and o = 2

After finding (s1, p1):
@ Construct dim(P) — 2 independent functions f; with {f;,s1} =0 = {f;, p1}
@ These are Dirac observables w.r.t. (s1, p1)
© Their Poisson brackets are closed = new Poisson manifold
@ lterate: choose s, from among the f;
@ Continue until full dimension reached or all Casimirs found

generate flow
P=A, ———> A= (5,4

make choice I l integrate

{f;(A)’f](A)} — Aj = F}(f;, sl,pl)
{f;'(A)’psl} = {f;(A), s]} =0
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N = 2 and o = 2: Overview and Result-1

Canonical Variables

@ (s1,p1), (S2,p2): fluctuation variables for each degrees of freedom.
o (&, pa, B, pp): cross-correlation variables

o (i, G: Casimir functions

For classical pairs i = 1,2

| A

U,'Oé,p,ﬁ,p,C,C
A(q?) =s7, Agim) = sipi, A(n?) = pf + (ol S d

i

(6 -4) - /G- 2t (G- apisinta+ )

s (@ =48 = /6= G (G —aphpsinta - )
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N = 2 and o = 2: Cross-correlations

A(q1G2) = s1s2c08 3
s .
A(gim2) = sipacos 5 — S—;(pa + pg)sin 3

K} .
A(gam) = s2p1cos B — ;2(Pa — pg)sin 3
1

A(mym2) = p1pacos f — %(pa + pg)sin B+ %(pa — pg)sin B
2 1
1, 1

2
—_— - cosff— ————
515 (Pa pﬂ) g 2515 sin° 3

X ((Cl —4p2)cos B — \/Cz — C2+ (G —4p2)?sin a>

Interpretations
o cosff = —2®)__ meagyres correlation (8 =7/2 = uncorrelated)

VA(a2)A(q3)

@ « appears only in pure momentum moments = impurity parameter

™y i - = = ree®
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Effective potentials for N =2 and o = 2

o Classical Hamiltonian and with two coupled degrees of freedom:

1
Helass = 5(71'% + 77%) + V(qh q2)

@ Canonically realized quantum Hamiltonian up to second semi-classical order:

1 1 Ul(pa Ps, 5) U2(pa Ps, & ﬂ)
Hr = Hc ass 42 -2 ) ) & ) s Gy
Q = Melass + 5P5 + 3P+ 257 252

1 1
+ 5 V11512 + 5 V22522 + Vissisycos B+ O(h3/2)

@ The uncertainties of the two separate oscillators are coupled by the canonical
angles
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Solution for low-energy effective potential

o Take “quantum” momenta (conjugate to fluctuation variables) to zero
(pi = 0) and look for the global minimum via VHg = 0, we find the effective
potential:

h |1
Vet = V(q1, q2) + 2\/2 (Vn + Voo + \/(Vll — V)2 Jr4\/122)

ho|1
+ 2\/2<V11 + Voo — \/(Vn — Vao)? +4V122>

@ This gives the correct ground state energy of two harmonic oscillators with
the classical coupling of Vi = 'ywquqz:

1
Egroundzim(\/1+7+ 177)

@ The corrections for Vg can be written as: %Z \ /eig(agfgqj). This form

easily generalizes to many degrees of freedom
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@ Systematic method to construct faithful canonical realizations of semiclassical
truncations

@ Second-order truncations isomorphic to sp(2/N, R)

o Complete faithful realization for 2 degrees of freedom at second order (4
canonical pairs + 2 Casimirs)

@ Third-order truncation: sp(2, R) x R* (spin-3/2 representation)

@ Second order (N = 1): known result

@ New: Multiple degrees of freedom and higher orders

o Connection to sp(2/N,R) Lie algebras

e Faithful realizations (correct number of degrees of freedom)

v
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Applications and outlook

Applications

@ Parametric resonance in coupled oscillators

@ Tunneling in atom ionization
o Effective potentials

@ Quantum cosmology

Future Directions
e Canonical (faithful) realization of sp(2N,R) (one-loop QFT)

@ Higher-order truncations for multiple degrees of freedom (already have some
preliminary results)

@ Applications to interacting field theories

@ Further quantum cosmology applications
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