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Cosmic Inflation
Inflation can explain why the Universe is homogeneous and isotropic.

Inflation also explain the small perturbation that generates the CMB 
anisotropy and ultimately seed the structure formation of large scales.

Cosmology
To understand the origin, evolution and future of the Universe as a 
whole.

Cosmic expansion and Big Bang cosmology
The Universe is expanding from the early hot and dense state.

The standard model of cosmology.



Cosmic expansion and Big Bang cosmology
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=

1 Arcmin = 1 degree / 60 

1 Arcsec = 1 Arcmin / 60 
              =1 degree / 3600 

• Unit of distance

1 pc (parsec) ~ 3.26 Ly

(8 min 18 sec with light) 



Between stars in the galaxy ~ 10 pc 

Between galaxies ~ Mpc 

Size of the galaxy ~ 10 kpc 

Size of cluster of galaxies ~ 10 Mpc 

The observable Universe ~ 30 Gpc 



1. the expanding Universe 
   : Hubble’s law

2. the abundance of the light elements 
    : Big Bang Nucleosynthesis

Standard Big Bang cosmology explains

3. the cosmic microwave background radiation
    : Black body CMB

* Assuming that the Universe is homogeneous, isotropic and flat initially,
which can be explained by cosmic inflation.

24. Big-Bang nucleosynthesis 3

Figure 24.1: The primordial abundances of 4He, D, 3He, and 7Li as predicted by
the standard model of Big-Bang nucleosynthesis—the bands show the 95% CL range
[5]. Boxes indicate the observed light element abundances. The narrow vertical
band indicates the CMB measure of the cosmic baryon density, while the wider
band indicates the BBN concordance range (both at 95% CL).

October 18, 2016 13:34



1. temperature anisotropy of CMB
   : power spectrum

2. structure formation of large scales
   : galaxy, cluster of galaxies

with density perturbations

* The cosmic inflation can explain the generation of the initial density 
perturbations.



• Standard Big Bang model: general relativity
Big bang cosmology assumes that the matter and radiation are uniformly 
distributed throughout the Universe - Cosmological principle
It is true for large scales of larger than around 100 Mpc for matter 
distribution and also in the temperature distribution observed in the 
Cosmic Microwave Background radiation.

The metric for a homogeneous and isotropic space is 
Friedmann-Robertson-Walker (FRW) metric with line element

ds2 = dt2 −R2(t)
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k > 0  closed,   k = 0  flat,   k < 0  open
R(t) : scale factor

* The assumption of homogeneity and isotropy is understood locally
and global properties can be different.
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Einstein equation

geometry : metric

• Standard Big Bang model: General Relativity

The metric for a homogeneous and isotropic space is 
Friedmann-Robertson-Walker (FRW) metric with line element
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ȧ

a
(12)

3Hn ( (Collision terms) 3Hn ) (Collision terms) (13)

1

2. Momentum redshift

1 The Expansion of the Universe

so Eq. (1.1.21) is the formula given by special relativity for the magnitude
of the momentum. On the other hand, the quantity (1.1.21) is evidently
invariant under arbitrary changes in the spatial coordinates, so we can eval-
uate it just as well in co-moving Robertson–Walker coordinates. This can
be done directly, using Eq. (1.1.13), but to save work, suppose we adopt a
spatial coordinate system in which the particle position is near the origin
xi = 0, where g̃ij = δij + O(x2), and we can therefore ignore the purely
spatial components "i

jk of the affine connection. General relativity gives
the equation of motion

d2xi

dτ 2 = −"i
µν

dxµ

dτ

dxν

dτ
= −2

a
da
dt

dxi

dτ

dt
dτ

.

Multiplying with dτ/dt gives

d
dt

(
dxi

dτ

)
= −2

a
da
dt

dxi

dτ
,

whose solution is

dxi

dτ
∝ 1

a2(t)
. (1.1.22)

Using this in Eq. (1.1.21) with a metric gij = a2(t)δij , we see that

P(t) ∝ 1/a(t) . (1.1.23)

This holds for any non-zero mass, however small it may be compared to
the momentum. Hence, although for photons both m0 and dτ vanish,
Eq. (1.1.23) is still valid.

It is important to characterize the paths of photons and material particles
in interpreting astronomical observations (especially of gravitational lenses,
in Chapter 9). Photons and particles passing through the origin of our
spatial coordinate system obviously travel on straight lines in this coordinate
system, which are spatial geodesics, curves that satisfy the condition

d2xi

ds2 + "̃i
jl

dxj

ds
dxl

ds
= 0 , (1.1.24)

where ds is the three-dimensional proper length

ds2 ≡ g̃ij dxi dxj . (1.1.25)

But the property of being a geodesic is invariant under coordinate transfor-
mations (since it states the vanishing of a vector), so the path of the photon
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1. Evolving Universe: scale factor R(t), redshift z gµν
λ1

λ0
=

R(t1)

R(t0)
≡ 1 + z (1)
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=
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10

matter in the Universe
perfect fluid
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energy-momentum
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Redshift: z 

gµν
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=
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Therefore the redshift is said to have radial velocity  cz,
so the existence of distant sources with z > 1 does not imply any violation 
of the special relativity.

The wavelength of light is redshifted due to the expansion

The redshift depends on the increase of scale factor  in the whole 
period from emission to absorption.

Since the peculiar velocity is hundred km/s, to see the redshift due to 
expansion, z >> 0.001 c.

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

� =
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= 0, �i

00 = 0, dt (2)

t ⌘

Z
R(t)

0

dR
0

Ṙ0
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Hubble-Lemaitre Law
*2018 IAU(International Astronomical Unit)

The light is redshifted.

L

4⇥r2
⇥N(r) ⇧ L

N(r) ⇧ 4⇥r2
(1)

⇥ v(r) = H ⇥ r H (2)

Gµ� =
8⇥G

c4
Tµ� (3)

Gµ� � �gµ� =
8⇥G

c4
Tµ� � (4)

H = 70( km/ sec)/Mpc (5)

Trec ⌅ 1 eV (6)

⇤ 10�5 T0 = 2.73K T ⇧ (7)

�⇥

�
= 1 +

v

c
, � �⇥ (8)

1

Redshift
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Redshift of momentum 
The motion of a particle that is not at rest in the comoving coordinate system.

1.1 Spacetime geometry

object at radial coordinate r:

d(r, t) = a(t)
∫ r

0

dr√
1 − Kr2

= a(t) ×






sin−1 r K = +1
sinh−1 r K = −1
r K = 0

(1.1.15)

In this coordinate system a co-moving object has r time-independent, so
the proper distance from us to a co-moving object increases (or decreases)
with a(t). Since there is nothing special about our own position, the proper
distance between any two co-moving observers anywhere in the universe
must also be proportional to a(t). The rate of change of any such proper
distance d(t) is just

ḋ = d ȧ/a . (1.1.16)

We will see in the following section that in fact a(t) is increasing.
We also need the non-zero components of the affine connection, given

by Eq. (1.1.14) as:

!0
ij = −1

2

(
g0i,j + g0j,i − gij,0

)
= aȧ

(
δij + K

xixj

1 − Kx2

)

= aȧg̃ij , (1.1.17)

!i
0j = 1

2
gil

(
gl0,j + glj,0 − g0j,l

)
= ȧ

a
δij , (1.1.18)

!i
jl = 1

2
g̃im

(
∂ g̃jm

∂xl + ∂ g̃lm

∂xj − ∂ g̃jl

∂xm

)
≡ !̃i

jl . (1.1.19)

Here g̃ij and !̃i
jl are the purely spatial metric and affine connection, and g̃ij

is the reciprocal of the 3×3 matrix g̃ij , which in general is different from the
ij component of the reciprocal of the 4 × 4 matrix gµν . In quasi-Cartesian
coordinates,

g̃ij = δij + K
xixj

1 − Kx2 , !̃i
jl = K g̃jlxi . (1.1.20)

We can use these components of the affine connection to find the motion
of a particle that is not at rest in the co-moving coordinate system. First,
let’s calculate the rate of change of the momentum of a particle of non-zero
mass m0. Consider the quantity

P ≡ m0

√

gij
dxi

dτ

dxj

dτ
(1.1.21)

where dτ 2 = dt2 − gijdxidxj . In a locally inertial Cartesian coordinate
system, for which gij = δij , we have dτ = dt

√
1 − v2 where vi = dxi/dt,

5

The momentum in GR

From eq. of motion, considering the particle position near the origin, 

1 The Expansion of the Universe

so Eq. (1.1.21) is the formula given by special relativity for the magnitude
of the momentum. On the other hand, the quantity (1.1.21) is evidently
invariant under arbitrary changes in the spatial coordinates, so we can eval-
uate it just as well in co-moving Robertson–Walker coordinates. This can
be done directly, using Eq. (1.1.13), but to save work, suppose we adopt a
spatial coordinate system in which the particle position is near the origin
xi = 0, where g̃ij = δij + O(x2), and we can therefore ignore the purely
spatial components "i

jk of the affine connection. General relativity gives
the equation of motion

d2xi

dτ 2 = −"i
µν

dxµ

dτ

dxν

dτ
= −2

a
da
dt

dxi

dτ

dt
dτ

.

Multiplying with dτ/dt gives

d
dt

(
dxi

dτ

)
= −2

a
da
dt

dxi

dτ
,

whose solution is

dxi

dτ
∝ 1

a2(t)
. (1.1.22)

Using this in Eq. (1.1.21) with a metric gij = a2(t)δij , we see that

P(t) ∝ 1/a(t) . (1.1.23)

This holds for any non-zero mass, however small it may be compared to
the momentum. Hence, although for photons both m0 and dτ vanish,
Eq. (1.1.23) is still valid.

It is important to characterize the paths of photons and material particles
in interpreting astronomical observations (especially of gravitational lenses,
in Chapter 9). Photons and particles passing through the origin of our
spatial coordinate system obviously travel on straight lines in this coordinate
system, which are spatial geodesics, curves that satisfy the condition

d2xi

ds2 + "̃i
jl

dxj

ds
dxl

ds
= 0 , (1.1.24)

where ds is the three-dimensional proper length

ds2 ≡ g̃ij dxi dxj . (1.1.25)

But the property of being a geodesic is invariant under coordinate transfor-
mations (since it states the vanishing of a vector), so the path of the photon
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This holds for any non-zero mass, however small it may be compared to
the momentum. Hence, although for photons both m0 and dτ vanish,
Eq. (1.1.23) is still valid.

It is important to characterize the paths of photons and material particles
in interpreting astronomical observations (especially of gravitational lenses,
in Chapter 9). Photons and particles passing through the origin of our
spatial coordinate system obviously travel on straight lines in this coordinate
system, which are spatial geodesics, curves that satisfy the condition

d2xi

ds2 + "̃i
jl

dxj

ds
dxl

ds
= 0 , (1.1.24)

where ds is the three-dimensional proper length

ds2 ≡ g̃ij dxi dxj . (1.1.25)

But the property of being a geodesic is invariant under coordinate transfor-
mations (since it states the vanishing of a vector), so the path of the photon
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

r ' (1)

Rijkl =
k

R2(t)
(hikhjl � hilhkj)

Rij =
2k

R2(t)
hij

R =
6k

R2(t)

(2)

(t, r, ✓,') R(t) k = +1, 0,�1 = hijdx
i
dx

j (3)

d⌘ =
dt

a(t)
(4)

ds
2 =dt

2
� a

2(t)


dr

2

1� kr2
+ r

2(d✓2 + sin2 ✓d'2)

�

=a
2(t)


d⌘

2
�

⇢
dr

2

1� kr2
+ r

2(d✓2 + sin2 ✓d'2)

�� (5)

1

1 Formulae
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I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.
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annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
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from the palsma. The decoupled photon is the CMB we observe now from all
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The equation of motion of freely falling particles

1 The Expansion of the Universe

with i and j running over the values 1, 2, and 3, and with x0 ≡ t the time
coordinate in our units, with the speed of light equal to unity. Instead of
the quasi-Cartesian coordinates xi , we can use spherical polar coordinates,
for which

dx2 = dr2 + r2d! , d! ≡ dθ2 + sin2 θdφ2 .

so

dτ 2 = dt2 − a2(t)

[
dr2

1 − Kr2 + r2d!

]

. (1.1.11)

in which case the metric becomes diagonal, with

grr = a2(t)
1 − Kr2 , gθθ = a2(t)r2 , gφφ = a2(t)r2 sin2 θ , g00 = −1 .

(1.1.12)

We will see in Section 1.5 that the dynamical equations of cosmology
depend on the overall normalization of the function a(t) only through a
term K/a2(t), so for K = 0 this normalization has no significance; all that
matters are the ratios of the values of a(t) at different times.

The equation of motion of freely falling particles is given in Appendix B
by Eq. (B.12):

d2xµ

du2 + %µ
νκ

dxν

du
dxκ

du
= 0 , (1.1.13)

where %
µ
νκ is the affine connection, given in Appendix B by Eq. (B.13),

%µ
νκ = 1

2
gµλ

[
∂gλν

∂xκ
+ ∂gλκ

∂xν
− ∂gνκ

∂xλ

]
. (1.1.14)

and u is a suitable variable parameterizing positions along the spacetime
curve, proportional to τ for massive particles. (A spacetime path xµ = xµ(u)
satisfying Eq. (1.1.13) is said to be a geodesic, meaning that the integral∫

dτ is stationary under any infinitesimal variation of the path that leaves
the endpoints fixed.) Note in particular that the derivatives ∂ig00 and ġ0i
vanish, so %i

00 = 0. A particle at rest in these coordinates will therefore stay
at rest, so these are co-moving coordinates, which follow the motion of typical
observers. Because g00 = −1, the proper time interval (−gµνdxµdxν)1/2 for
a co-moving clock is just dt, so t is the time measured in the rest frame of a
co-moving clock.

The meaning of the Robertson–Walker scale factor a(t) can be clarified
by calculating the proper distance at time t from the origin to a co-moving
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Ṙ

R

!2

=
8⇡G

3
⇢i

✓
R

Ri

◆�3(1+!)

(3)

hij = �gij (4)

�0
ij
=
Ṙ
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so always at rest in these coordinates, 
so called comoving coordinates.

2. For this observer, the proper time is just       , 
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Ṙ0
R0

R
= 1 + z ⌘ x

�1 (2)

H
2 =

 
Ṙ
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so t is the time measured by the comoving observer.



The proper distance between two co-moving objects is proportional to the 
scale factor R(t).  The rate of change of the proper distance is just 
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Particle horizon : The boundary that the information transfer is limited by the 
finite age of Universe and speed of light. It can be finite or infinite.
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ḋ = d
Ṙ
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Ṙ

R
rp

(61)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

d(r, t) =

∫

ds = R(t)

∫ r

0

dr√
1− kr2

(62)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (63)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(64)

d2L ≡ L
4πF

dL = 101+(m−M)/5 pc
(65)

1.49× 108 km L sin(p) = 1AU L % 1AU

p

1 parsec(PC) =
1AU

1arcsec
% 3.26Lys

(66)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (67)

φ χ (68)

ζ = α
δΓ

Γ
(69)

Pζ = (1− r)2Pinf + r2Pχ (70)

Ωh2
WIMP =% 〈σann〉 % 10−10 GeV−2 % 10−38 cm2 (71)

Ωh2 = mn % 0.28

(

Y

10−11

)

( m

100 GeV

)

(72)

dn

dt
+ 3Hn = −n2〈σannv〉 Y % H

s〈σannv〉
3HnX ( |〈σannv〉(n2

X − n2
eq)|

3HnX ) |〈σannv〉(n2
X − n2

eq)|

(73)

6

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Conformal time

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Friedmann-Robertson-Walker metric in 4-dim space-time

Ricci tensor

Ricci scalar

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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gives (i,i) component in the zero-th order

gives (0,0) component in the zero-th order : Friedmann equation
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Perfect fluid
: completely characterized by its rest frame energy density and isotropic pressure

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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In a general gravitational field and in the frame with velocity, 

The energy momentum tensor should be this form in the zeroth order due to 
the translational and rotational invariance.

Energy momentum conservation

Appendix B Review of General Relativity

Hence it is the spacetime volume d4x
√−Detg rather than d4x that trans-

forms as a scalar. (A minus sign is inserted in front of the determinant of the
metric, because in physical spacetimes this determinant is negative.) From
the defining equation of the delta function

f (y) =
∫

d4x f (x) δ4(x − y)

=
∫ (

d4x
√

−Detg(x)
)

f (x)
(
δ4(x − y)/

√
−Detg(x)

)
,

we see that it is the ratio δ4(xn − x)/
√−Det g(x) appearing in the current

(B.34) rather than the delta function itself that transforms as a scalar. This
current satisfies the conservation law

∂µ

(√
−Detg(x) Jµ(x)

)
=

∫
du

d
du

∑

n
en δ4(xn(u) − x) = 0 , (B.37)

provided x is not at the value of any xn(u) at either endpoint of the integral.
This is the same as the generally covariant conservation law

0 = Jµ
;µ ≡ ∂

∂xµ
Jµ + #µ

νµJν (B.38)

because
#ν

µν = 1
2

gνλ∂µgνλ = 1
2
∂µ ln

(
− Detg

)
.

This is the correct conservation condition, because in the absence of
gravitation there is a current that in Cartesian coordinate systems satis-
fies the conservation law ∂µJµ = 0, and therefore in general coordinates
in a gravitational field must satisfy the generally covariant generalization
(B.38).

9 The energy-momentum tensor

Likewise, in the absence of gravitation any set of particles and/or fields will
have a symmetric energy-momentum tensor Tαβ , which is conserved in the
sense that

∂Tαβ

∂xβ
= 0 . (B.39)

Just as Jβ is the β component of the current of electric charge, we can
think of Tαβ as the β component of the current of pα. In the presence of a
gravitational field the conservation law becomes

Tµν
;ν ≡ ∂Tµν

∂xν
+ #µ

κνT κν + #ν
κνTµκ = 0 . (B.40)
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Non-vanishing components of affine connections

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Energy-momentum conservation:

T µν
;ν = 0 (1)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Continuity equation

(Eq.1)
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Eqs. 1, 2, 3 are connected by Bianchi identities and only two are independent.
Usually Eqs. 1 and 2 are taken.
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Ṙ

R
+H2 +

k

R2
= −8πGp

ρ̇+ 3H(ρ+ p) = 0
(1)

r1 =
2Ω0z + (2Ω0 − 4)(

√
Ω0z + 1− 1)

H0R0Ω0(1 + z)
(2)

h = 0.702± 0.024
λ′

λ
≡ 1 + z λ′ (3)

θ l

dA =
l

θ
t0 4πr21R

2
0

A

4πr21R
2
0

R1

R0
=

1

1 + z

f(r1) ≡
∫ r1

0

dr√
1− kr2

=

∫ t1

t0

dt′

R(t′)
=

∫ R(t0)

R(t1)

dR′

R′2H

(4)

〈ρ〉 & V

φ V (φ) =
1

2
m2φ2

〈ρ〉 & V (φamp) 〈p〉 & 0

(5)

3Hneq & 〈σannv〉n2
eq

H =

√

8πG

3
ρ =

√

8πG

3

π2

30
g∗T 4

xf ≡ m

Tf
= log





〈σv〉gx(mT/(2π))3/2

3
√

8πG
3

π2

30 g∗T
4



 & 20− 25

(6)

Ωxh
2 & 2.5× 10−10

〈σannv〉
(7)

Y & YTf
=

nX

s

∣

∣

∣

Tf

& 3H

s〈σv〉

∣

∣

∣

∣

Tf

∝ 1

〈σv〉Tf
=

xf

〈σv〉mX

xf =
m

Tf

(8)

n =
ζ(3)

π2
gT 3 logn Tf T & m ζ(3) & 1.201 (9)

dn

dt
+ 3Hn = (Collision terms) (10)

1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
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Many kinds of matter content of our interest can be described by a simple
eq. of state

k

R2H2
=

ρ

3H2/8πG
− 1 ≡ Ω− 1

ρc ≡
3H2

8πG
Ω ≡ ρ

ρc

(57)

q0 =
Ω0

2
q0 = Ω0 q0 = −Ω0 (58)

q0 ≡ − 1

H2
0

R̈(t0)

R(t0)
= Ω0

1 + 3ω

2
(59)

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (60)

H2 +
k

R2
=

8πG

3
ρ (61)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(62)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(63)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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We can solve the continuity equation,
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Many kinds of matter content of our interest can be described by a simple
eq. of state

For constant w, we can solve and obtain

ρ ∝ R−3(1+ω) (1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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=
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In	the	expanding	Universe
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Relativistic	matter

Non-Relativistic	matter

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. Therefore
at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

⇢r ⇠ E(t)n(t) / R(t)�4

⇢m ⇠ M n(t) / R(t)�3
(1)

h�vi
��

' 10�27 cm3
/s (2)

�T

T
⇠ 10�5 (3)

v /
1

p
R

(4)

⇢ / const. (5)
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We can solve Friedmann equation with a given matter type

For k=0 (flat), and 

H2 +
k

R2
=

8πG

3
ρ (1)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(2)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(3)

T µ
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R(t)
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dt′
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=
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dr√
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ds r = 0 r = r0 dt = dθ = dφ = 0
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ds = R(t)

∫ r0

0

dr√
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ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (7)

ds2 = dt2 −R2(t)

{

dr2
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+ r2dθ2 + r2 sin θ2dφ2

}
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d2L ≡ L
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R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Matter

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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R(t)
T µν (5)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(6)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (8)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(9)

d2L ≡ L
4πF

(10)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(11)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (12)

φ χ (13)

1

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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The age of the Universe

For flat Universe,               , the age of the present universe is    (Ω0 = 1) (1)

t =

∫ t

0
dt =

∫ R(t)

0

dR′

Ṙ′
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Density parameters

Local geometry is related to the density in the Universe
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• Evolution of energy density
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Ṙ2 = H2
0R

2
0

[

∑

i

Ωi0

(

R

R0

)−1−3ω

− (Ω0 − 1)

]

(5)

k = (Ω0 − 1)R2
0H

2
0 H2 =

(

Ṙ
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or

Why does the Vacuum energy dominates recently?

Coincidence problem
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∑

i ρi
ρc

(8)

r1 =
2Ω0z + (2Ω0 − 4)(

√
Ω0z + 1− 1)

H0R0Ω0(1 + z)
(9)

h = 0.702± 0.024
λ′

λ
≡ 1 + z λ′ (10)

θ l

dA =
l

θ
t0 4πr21R

2
0

A

4πr21R
2
0

R1

R0
=

1

1 + z

f(r1) ≡
∫ r1

0

dr√
1− kr2

=

∫ t1

t0

dt′

R(t′)
=

∫ R(t0)

R(t1)

dR′

R′2H

(11)

〈ρ〉 # V

φ V (φ) =
1

2
m2φ2

〈ρ〉 # V (φamp) 〈p〉 # 0

(12)

1

T ∼ 1 eV T ∼ 1 MeV (1)

(r1, 0, 0) (r1, 0, θ) (2)

l =

∫

ds =

∫

R(t1)r1dθ = R1r1θ θ =
l

R1r1
dA = R1r1 (3)

H0dL = z +
1

2
(1− q0)z

2 + · · · zeq # 3200 (380, 000 years) (4)

Ṙ2 = H2
0R

2
0

[

∑

i

Ωi0

(

R

R0

)−1−3ω

− (Ω0 − 1)

]

(5)

k = (Ω0 − 1)R2
0H

2
0 H2 =

(

Ṙ

R

)2

=
8πG

3

∑

i

ρi − (Ω0 − 1)
R2

0H
2
0

R2
(6)

H2 # 8πG

3
ρ Ω− 1 =

k

H2R2
∝ 1

ρR2
∝ R R2 (7)

2
Ṙ

R
+H2 +

k

R2
= −8πGp

ρ̇+ 3H(ρ+ p) = 0 p = p(ρ) Ωi ≡
ρi
ρc

Ω =
∑

i

Ωi =

∑

i ρi
ρc

(8)

r1 =
2Ω0z + (2Ω0 − 4)(

√
Ω0z + 1− 1)

H0R0Ω0(1 + z)
(9)

h = 0.702± 0.024
λ′

λ
≡ 1 + z λ′ (10)

θ l

dA =
l

θ
t0 4πr21R

2
0

A

4πr21R
2
0

R1

R0
=

1

1 + z

f(r1) ≡
∫ r1

0

dr√
1− kr2

=

∫ t1

t0

dt′

R(t′)
=

∫ R(t0)

R(t1)

dR′

R′2H

(11)

〈ρ〉 # V

φ V (φ) =
1

2
m2φ2

〈ρ〉 # V (φamp) 〈p〉 # 0

(12)

1
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Many kinds of matter content of our interest can be described by a simple
eq. of state

w � fp� ��, V¥u� r� Ç p �(.

ρ ∝ R−3(1+ω) (1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

Pζ = (1− r)2Pinf + r2Pχ (13)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 p =
1

3
ρ

ρ ∝ R−3 p = 0

ρ ∝ const p = −ρ

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Radiationρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

(Cold) Matter

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Vacuum energy 
(cosmological constant)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

These apply separately for coexsting radiation, matter and cosmological 
constant, if there is no interactions between them.

k

R2H2
=

ρ

3H2/8πG
− 1 ≡ Ω− 1

ρc ≡
3H2

8πG
Ω ≡ ρ

ρc

(57)

q0 =
Ω0

2
q0 = Ω0 q0 = −Ω0 (58)

q0 ≡ − 1

H2
0

R̈(t0)

R(t0)
= Ω0

1 + 3ω

2
(59)

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (60)

H2 +
k

R2
=

8πG

3
ρ (61)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(62)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(63)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (64)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

0

dt′

R(t′)

ds2 = 0

∫ t

0

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

ḋ = d
Ṙ

R
rp

(65)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

d(r, t) =

∫

ds = R(t)

∫ r

0

dr√
1− kr2

(66)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (67)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(68)

6
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We can solve Friedmann equation with given matter type

For k=0 (flat), and 

H2 +
k

R2
=

8πG

3
ρ (1)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(2)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(3)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (4)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(5)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(6)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (7)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(8)

d2L ≡ L
4πF

(9)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(10)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (11)

φ χ (12)

ζ = α
δΓ

Γ
(13)

1

R ∝ t2/3(1+ω) (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (5)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(6)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (8)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(9)

d2L ≡ L
4πF

(10)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(11)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (12)

φ χ (13)

1

we obtain

Radiationρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Matter
ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =

1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Vacuum energy
ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =

1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L & 1AU

p

1 parsec(PC) =
1AU

1arcsec
& 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

R ∝ t2/3(1+ω) R ∝ t1/2 (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)
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Particle horizon again
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The age of the Universe
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Homogeneous and Isotropic Universe : FRW metric and Perfect fluid

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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